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1. INTRODUCTION AND SUMMARY 
A quadruple (G, n, G’, k), with n : G + G’ an epimorphism of finite 
groups, k a field, will in what follows be called a Galoisiun embedding problem. 
We say that (G, 7~, G’, k) is solvable if every Galoisian extension Z/k with 
Gal(Z/k) = G’ can be embedded into a Galoisian extension m/k such that 
k C Z C m, Gal(m/k) = G and 7~ coincides with the projection Gal(m/k) -+ 
Gal(Z/k) of Galois groups. We give a sufficient condition for the problem 
(G, r, G’, k) to be solvable, in terms of the group invariants of A = Ker(n), 
for Hilbertian fields k. A field is called Hilbertian if Hilbert’s irreducibility 
theorem holds true for that field (cf. [4], [5] and Definition 2 below). 
THEOREM 1. Let (G, V, G’, k) be a Galoisian embedding problem, k 
Hilbertian. Let p : G -+ G, be an isomorphic representation of G as a permutation 
group G, of a set X of n indeterminates. Denote by kc the sub$eZd of k(X) 
consisting of all G,-invariants. iZssume that the intermediate JieZd kA of the 
algebraic extension k(X)/k, , consisting of all A, = Ker(q-l)-invariants can 
be written in the form Fz, = k(Y), where Y = {Yl ,..., Y,} such, that 
(i) G = Gal(k(X)/k,) acts as a permutation group on Y, 
(ii) every k,(Y,) is a normal algebraic extension of kc . 
Then the embedding problem (G, r, G’, k) is solvable. 
DEFINITION 1. We call a pure k-transcendence basis Y for kR as defined 
in Theorem 1 a general Noether basis associated to the epimorphism rr : G -+ G 
and the representation p. If  G’ = {l}, and if in addition G, is transitive on X, 
then we obtain, in particular, the definition of a kc-basis as given by 
Noether [7]. 
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Theorem 3 and 4 below are applications of Theorem 1. The latter theorem 
is also applied to show that a result of Morikawa [6] on the existence of 
general Noether bases Y for fields kA and nilpotent groups G is false. General 
Noether bases do not always exist. The question whether for arbitrary G 
and k, kc-bases in the sense of Noether (Definition 1) do exist, is still open. 
Let k be afield, T = {tl ,..., t,} a finite set of k-independent indeterminates. 
Let f~ k(T)[s] b e an irreducible polynomial. Following [4] we denote by 
S k,f,n the set of all points P in the affine space k” = k[t, ,..., tn] such that 
in it f specializes to an irreducible polynomial of the same degree in k[s]. 
DEFINITION 2. The field k is called a Hilbertiun field if for every irre- 
ducible f and for every positive integer n the intersection of a finite number 
of nonempty Zariski open sets in Kn and sets of the type Sksfan is infinite. 
Let p be a prime number. We call k p-HiZbertian if the same property holds 
for polynomials f with Galois group a p-group. It follows immediately that 
for a Hilbertian field k Hilbert’s irreducibility theorem holds true. 
THEOREM 2. The maximal Abelian extension ka of a Hilbertian $eld k of 
characteristic zero is Hilbertian. 
THEOREM 3. Let G D H D I be a composition chain of finite groups, 
I being such that the only subgroup of it normal in G is the trivial one. Assume k 
to be a Hilbertian jield, and let l/k b e a GaZoisian extension with Gal(Z/k) E 
G/H g G’. There exists an algebraic extension n/k, n n 1 = k, Gal(+) g G’, 
and a Galoisian extension m 3 n, Gal(m/n) = G, such that the canonical 
epimorphism G + G’ coincides with the projection of Galois groups Gal(m/n) + 
Gal(nZ/n). 
THEOREM 4. Let F be an arbitrary projinite group satisfying the first axiom 
of countability. Let k be a Hilbertian field of arbitrary characteristic. Then F is 
the Galois group of an extension m/n, where m is a subjield of the separable 
closure of k. 
2. PROOF OF THEOREM 1 
We introduce some more terminology and split the proof of the theorem 
into a number of lemmas. 
Under the assumptions of Theorem 1, let Yr ,..., Yn, be the n, different 
KG-conjugates of Yi . Denote by Nr the subgroup of G’ which fixes Yr . 
There is an epimorphism G’ + Gal(ko(Y,)/ko), and from a well-known 
theorem it follows ([3], p. 57) that the permutations of the left cosets N,gj 
of Ni in G’, defined bd the map g ++ N,g,g for g E G’, form a group 
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which as a permutation group is isomorphic to Gal(ko(Y,)/ko) [as a 
permutation group of the set (Y, ,..., Y,,}]. Put 
Y(l) = {Yl )...) Y,,}. Write Y = Y”) U ... u Y(*), where Yti) (1 < i < Q) 
are the 4 transitivity domains of G’ on Y. Let I 7(i) have n, different elements. 
We assumed kA = k(Y) and associated to Y(l) the subgroup AT, C G’. 
In a similar way, associate a subgroup Ni C G’ to the domain Yo) for every i 
(I <i<q). 
Now, let Z/k be a Galoisian extension with Gal(Z/k) g G’. Take a normal 
basis {&J 1 g E G’} for l/k, where the operation is defined by (@)Yo = @o(g,, E G’). 
Take also a set of n indeterminates T = {t,,j(i) 1 i = I,..., q; j(i) = I,..., q}, 
and define for every i (1 < i < 4) 
,q = f iti,&) ( c e”)gi’i’ 
j(i)=1 hENi 
(1) 
Z@’ = {xi” 1 g E G’), (2) 
where gju) (j(z) = l,..., ni) is a set of left coset representatives of Ni in G’ 
(note that [G’ : NJ = ni = card(Yo)), because kG(Yi)/kc is normal!), the 
operations being defined by t&u) = t,,j(i) forg E G’. Put 2 = Z(i) u -se u Z*). 
With these notations we prove 
LEMMA 1. (i) For every i (1 < i < q) Zci) consists of ni dz.eerent 
k(ti.1 ,..., ti,,i)-linearly independent elements which are k(tiel ,..., ti,$-conjugate, 
(ii) G’ acts permutation-wise on Z(i) in precisely the same way as on Y(i), 
whereas Gal(k( T, Z)/k( T) s Gal(k( Y)/k,) g G’ ; k( T, 2) = Z(T). 
(iii) the sets T and Z aye algebraically equivalent over k; there is a 
one-to-one set map p: Y - Z rendering isomorphic the Galois groups of the 
extensions k( Y)/kG and k( T, Z)/k( T). 
Pyoof. (i) The first and the last statement are a direct consequence of the 
fact that BP(h E NJ is a symmetric function in the elements of the stabilizer 
A$ of some element of Yti), and from the definitions. The k(ti,l ,..., ti,J-linear 
independence of the zig E Z ci) follows from the k-linear independence of the 
2P(h E NJ and the k-algebraic independence of the ti,l ,..., ti,ni ; the latter 
fact implying that the determinant in the ti,j’s of the equations (1) does not 
vanish. 
(ii) The first statement is true by construction: Ni is also the stabilizer 
in G’ of an element in Zci). The second one follows from the fact that G’ acts 
faithfully on Y = Y(i) u *** u Y(R), and hence also faithfully on Z. The same 
elimination argument as is used in the proof of (i) shows that k( T, Z) = Z(T). 
(iii) This is a re-statement of (ii). 
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Let U be a set of generators of Kc/k. The elements of U are functions 
in Y with coefficients in R. Let V = {p*(u) j u E U and CL* is the obvious 
extension of p to k(Y)}. Then V C k(Z) and k(Z)/k( V) is Galoisian with 
Galois group G’, because it is simply a copy of the extension k(Y)/kc . 
Define the elements p(Yi) E 2 to be the same rational functions over k in X 
as the elements Yi , with the same operation of G on X. Then the tower 
k(V) c k(Z) c k(X) (3) 
is evidently a copy of the tower k(U) = KG C k(Y) C k(X), with the same 
corresponding exact sequence of Galois groups 
l-+A--+G+G’-+l. (4) 
LEMMA 2. Extending k(V) by adjoining to it the set T we obtain 
(i) k(T, V> = k(T), 
(ii) k(T, X) = Z(X), Z(T) = Z(Z) = k(T, Z), 
(iii) the adjunction to k(V) of the set T does not reduce the Galois group 
G of the extension (3); i.e., to the chain k(T) C k( T, 2) C k( T, X) corresponds 
the same exact sequence of Galois groups (4). 
Proof. (i) We show the inclusion k(V) C k(T). Let z, E V, then 
21 =fW’&, G’n)) E k(Z), f b em invariant under G’ as a permutation . g 
group of Yr ,..., Y, or of p(Y,),..., p(Y,J, respectively. Hence the result, 
from Lemma 1 (iii). 
(ii) We already showed that Z(X) = k(T, 2). From this the equations 
Z(T, X) = k( T, X, 2) = k( T, X) readily follow. Z(X) = I( T, X) follows 
from the inclusions T C Z(Z) C Z(X), w ic are themselves a consequence of h’ h 
Cramer’s rule applied to (1). The same equations (1) also give Z(T) = Z(Z). 
(iii) The Galois group of k(T, X)/k(T) is a subgroup of Gal 
(k(X)/k(V) = G. We h ave only to show that [k( T, X) : k(T)] = card(G). 
First observe that 
[k(T, 2) : k(T)] = [Z(T) : k(T)] = card(G), 
by Lemma 2 and from the fact that T is algebraically irreducible over k (and I). 
To show that [k(T, X) : k(T, Z)] = [k(X) : k(Z)] one needs the fact that 
k(Z) is algebraically closed in k(X); i.e., the extensions k(X)/k(Z) and 
&2)/k(Z), where h is an algebraic closure of k, are linearly disjoint. The 
equality follows now from [k(X) : k(Z)] = [Z(X) : Z(Z)] and (ii). 
Remark. Let a be a primitive element for k(T, X)/k(T); i.e., let 
k(T, a) = k(T, X). Let f (T, s) = Irr(a, k(T)) E k(T)[s]. Then f (T, s) has 
group G. Hilbert’s irreducibility theorem tells us that the parameters tisj in 
the coefficients off (T, s) can, in infinitely many different ways, be replaced 
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by elements k,,j E k in such a fashion that the resulting polynomialf(s) E k[s] 
is irreducible with the same group G. In order to prove Theorem 1, we show 
that the splitting field m/k off( ) s contains 1 as a subfield such that to the 
chain k C I C m there corresponds the exact sequence of Galois groups (4). 
Proof of Theorem 1. In the previous notation let f  (T, s) = g, ,..., g, be 
the factorization of f  (T, s) into irreducible factors in Z(T)[s]. Assume 
g, : tij H kij (kij E k) to be a substitution such that rpf (T, s) = f  (s) E k[s] is 
irreducible. The substitution 9) defines a homomorphism of k[ T] into k which, 
by a well-known theorem, extends to a place @ of k(T, X), with an algebraic 
extension of k as a residue field. The field 2 is the residue field of the restriction 
place @ 1 1. Write @ai = a5, where a, ,..., am0 are the different zeroes off (T, s). 
It is immediately clear that @gj E Z[s], for j = l,..., h. Observe that the map 
@ : a, n (Y~ renders isomorphic the Galois groups of the polynomials 
f  (T, S) and f  (s). Let kj d enote the field generated over k by the coefficients 
of @g, . Then we prove at once that @gj is irreducible over kj , and that 
kj = 1 for j = l,..., h. Assume @g, = h,h, , with hi, ha E k,[s], 
deg(h,) < deg(g,). Then [k(or,) : k] = [k(ol,) : k,] * [kl : k] = deg(h,) 1 
[k, : k] < m, = [k(ol,) : k]. Hence k, = 1. 
Denote k(a,) by m. We have the tower k C I C m. The Galois group A = 
Ker(rr) = Gal(k( T, X)/Z(T)) consists of precisely those automorphisms in G 
which permutes the set of zeroes of gi . This situation remains unchanged if 
we change over to @g, under @. Hence, to k C Z C m corresponds the sequence 
of Galois groups (4). 
In fact, the proof of Theorem 1 can be slightly changed so as to serve as 
a proof for the following proposition. 
PROPOSITION 1. Let k be a Hilbertian jield, k(T) a purely transcendental 
extension of k, T a jnite set of indeterminates. Assume m/k(T) to be a Jinite 
GaZoisian extension with group G. Let Z be an intermediate Jield in m/k(T) which 
corresponds to the subgroup H C G. There are injiniteZy many specializations 
of T into k, such that the tower k(T) C Z C m, by taking residues, is mapped 
onto a tower k C l* Cm* with the same Galoisian structure [i.e., G = Gal 
(m*/k) 3 H = Gal(m*/Z*)]. 
3. APPLICATIONS OF THEOREM 1 
A. The problem (Z/42, n, Z/22, k) is not solvable for any formally real 
field k. Let Z = k(i), where i is the complex unit. A field m extending Z with 
group 2742 must take the form m = k(ol) with 2 = c, + c,i, c, , c2 E k. 
Let cl satisfy 2 = c, - c,i . Then, putting xi = 01, x2 = E, x3 = -x1 and 
xp = -x2 , the group Z/42 must be generated by the cycle (x1x2x3x4) or by 
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the cycle (x1x4xsx2). In both cases the element xrva generates a field extension 
of degree two over k, because it has -x1x2 as only k-conjugate. Hence, 
CUE = (a2 + k2)l12 = d,, + di;(d,, , 4 E k); whence d,, = 0, and this is 
impossible in a formally real field, because in there -1 is not expressible as 
a sum of squares. So there are no general Noether bases associated to the 
problem. 
B. The case (Z/4Z, T, Z/22, k) where k is a number field not containing 
the complex unit. An extension 1 = k(d/a) can be extended to a cyclic 
extension of degree 4, if and only if a is of the form a = b2 + l(mod k*‘) 
(cf. Seidelmann in [7], p. 224). There are hosts of elements a in k not of 
this form. 
The nonexistence of Noether bases, in certain cases, can also be derived 
from the following proposition. 
PROPOSITION 2. Let k be a jield, p a prime number. Denote the maximal 
p-extension of k by k(p). The following are equivalent: 
(i) the Guloisgroup Gal(k(p)/k) = F is a free pro-p-group on a minimal 
number of at least denumerably many generators, 
(ii) the embedding problem (G, r, G’, k) is solvable for every epimorphism 
77: G ---f G’ of p-groups. 
Proof. The implication (ii) * ( ) i is immediate from the definition of 
a free pro-p-group. To prove the converse, we make use of the fact that a 
morphism of pro-p-groups p : P -+ P’ is surjective if and only if the induced 
morphism p* : W(P’, Z/pZ) -+ W(P, Z/pZ) is injective (cf. [a], I-35). 
Let rr : G + G’ be given, where G is a finite p-group, G’ = Gal(l/k). 
We have 
dim EP(G’, Z/pZ) < dim Hi(G, Z/pZ) < co, 
dim W(F, Z/pZ) = co. Consequently, the diagram, whose solid arrows are 
injections 
* 
H’ lG,’ Z/pZ/ L f-f’ (G, Z/pZ’~ 
can be completed commutatively with CL* injective. Here r* is supposed to 
come from the Galois projection r : Gal(k(p )/k) --f Gal(l/k). Now construct 
from the diagram a map ,E on a set of free generators of F such that + = 7. 
The map p extends to a homomorphism p : F -+ G, because F is free. 
p is surjective as it corresponds to the injection p* of the diagram. 
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C. The case (Z/42, T, Z/22, k), where k is a field containing the 
complex unit. Let G = Z/42 = [a], where u is the cycle (X,X,X,X,) and 
X = {X, , X2 , X3, X4}. Define W, = C;=, (i)-“jXj for R = l,..., 4. It is 
known that the elements Lrk = W,W,/W,+, (k = I,..., 4) generate k,/k 
(Masuda, cf. [I] for further references). It is readily checked that uW, = ikW, , 
o”W, = -W,. G’ consists of the cosets A, oA, where A = [u”] C G. 
PuttingY,= WI/W,+ W,W,,Y,=-WI/W,+ W,W,,Y,= W,+ W,, 
y4 = --WA w,, we conclude that G acts on Y with transitivity domains 
{Y, , Yz} and {Y, , Y4}. Hence, ko = k,(Y). In order to show that Y forms 
a Noether basis for k, , we are left to show that R, = k(Y). Observe first 
that k( WI/W, , TVrJVa , IVa , W,) = k(Y). The inclusion k, = k( U, ,..., CT,) C 
k(Y) follows by a simple calculation. 
D. The case G nilpotent. Let G be a finite nilpotent group, A any normal 
subgroup of G. It is well-known that one can find a normal chain 
G = Go3 G,3 ee.3 Gio = AT) ***r,(l), such that G,/G,-, is cyclic and in 
the center of G/G,-r . Let k contain the mth roots of unity, where m is the 
exponent of G. In the terminology of this paper, Morikawa [6] proves that 
there is an isomorphic permutation representation p : G + G, on a set X, 
such that the field k, C k(X) admits a general Noether basis. 
We shallshow that Morikawa’s result is false byprovidinga counterexample. 
We show the existence of a field k, containing all the p”th roots of unity 
(n E N), k Hilbertian, and the existence of a surjective morphism 7~ : G -+ G’ 
of p-groups, such that (G, rr, G’, k) is not solvable, by proving that Gal(k(p)/k) 
is not free. In fact, k is onlyp-Hilbertian; i.e., Hilbert’s irreducibility theorem 
holds for polynomials with a p-group as a Galois group. Note that this is 
sufficient for our purposes, since, if in Theorem 1 G is taken to be a 
p-group, then one can weaken the condition that k is Hilbertian to : k is 
p-Hilbertian. 
Let E, denote the set of all p”th roots of unity, p a fixed prime number. 
Look at K = Q(E,). With these notations we prove 
PROPOSITION 3. Let 1 = K(t) be a purely transcendental extension of K. 
Denote Gal(Z,/Z) by G, , where I, is a separable closure of 1. Let PC GI be a 
p-Sylow subgroup qf G, . Then de&e k to be the separable overjeld of 1 corre- 
sponding to P. The field k is p-Hilbertian and P = Gal(k,/k) is not a free 
pro-p-group. 
Proof. We use arguments involving the cohomology of profinite groups. 
From local class field theory it is known that cd,(G,) < 2, for every prime 
number q ([8], II-ll, II-16). We also have (Zoc.cit.), cd,(G,) < I, and, 
a fortiori, cd,(G,(p)) < 1, where G&J) = Gal(K(p)/K). Grothendieck’s 
transition theorem ([8], 11-13) gives cd,(GJ = 1 + cd&G,). Hence, in 
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particular, cd,(G,) = 2, since cd,(G,) = 1, as there exist nontrivial normal 
p-extensions of K. 
The equality cd,(G,) = cd,(P) = 2 now follows (lot. cit. I-21), and P 
is not free. The field 1 is Hilbertian, as before. The supernatural number 
[k : 21 is not divisible by p. The fact that k is p-Hilbertian follows from this 
by an easy argument, which is left to the reader. 
4. A NEW CLASS OF HILBERTIAN FIELDS 
The following proposition formulates and collects some well-known facts 
about Hilbertian fields. 
PROPOSITION 4. (Hilbert, Dorge, Franz, etc., cf. [5J). A finite extension 
of a Hilbertian field is Hilbertian. A purely transcendental extension of any Jield 
is Hilbertian. Number fields are Hilbertian. Let k be a number Jield; the sets 
s k,f.n (cf. D fi t e ni ion 2, Section 1) are dense in the complex as well as in the 
p-adic toplogy of kn. Let k be anyJield; in order that k be Hilbertian it is su@ient 
that the sets S,,t,, be infinite. 
PROPOSITION 5. Let k be p-Hilbertian. A finite Galoisian p-extension of k 
is also p-Hilbertian. For k to be a p-Hilbertian field it is su$icient that the 
sets sk,f,l be infinite, for every polynomial f  with Galois group a p-group. 
Proof. The second part of the proposition can be proved by just the same 
method as in the corresponding general case [4]. One has only to observe that 
the Kronecker substitution (lot. cit.) turns a polynomial with a p-group as 
Galois group into a polynomial with a Galois p-group. 
Let f  E l(t)[s] be irreducible with group G, G a p-group. If  f  = fi ,..., fk 
are the different k(t)-conjugates of f, then F(t, s) = fi ,..., fk E k(t)[s] is 
irreducible with Galois group a p-group. Every substitution t * t, E k 
turning F into an irreducible element of k[s] without changing its degree 
and group (there are infinitely many of those!), turns f into an irreducible 
element of l[s] without changing its group. 
Remark. The fact that we can choose infinitely many t, E k in such 
a fashion that the separability and the group off are not affected may be seen 
by applying Hilbert’s theorem to a polynomial Irr(a, k(t)), where a is a 
primitive element for the splitting field off over k and from Proposition 1. 
As there are only finitely many substitutions leading to the disappearance of 
a certain coefficient, there remain still infinitely many not affecting the 
separability. 
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PROPOSITION 6. Let k be a Hilbertian field and p a prime number not equal 
to char(k). There exists an infinite extension k(“)/k which is Galoisian, with the 
Galois group isomorphic to the additive group of the p-adic integers Z, , and 
which is Hilbertian. The Galois group of the maximal Abelian extension ka 
of k contains a direct factor isomorphic to IIZD , where the product is extended 
over all prime numbers p # char(k). 
Proof. Let E, denote the set of all p”th roots of unity. First, assume 
E, $ k. Then, from a well-known theorem ([9], p. 220), it follows that 
Gal(k(E,)/k) is isomorphic to a closed subgroup of Z, x G, where G is a 
finite Abelian group. This subgroup must also be open. Hence the existence 
of a field k(p) with the desired property. Next, let ED C k. Then, the cyclic 
polynomial fi = SD---t E k(t)[s], where t is an indeterminate, is irreducible with 
Galois group Z&Z. We can specialize t into k such that the resulting poly- 
nomial retains the same properties. Suppose that we have constructed an 
extension k(ol)/k with group Z/p*Z, o?* = a E k. Then the irreducible 
polynomial fn+l = NC1 - #a E k(t)[s] has Galois group Z/pn+lZ, while its 
splitting field extends k(or)/k. We can specialize again etc., and we arrive at 
an extension k(D)/k with the desired properties. The last statement of the 
proposition now follows by an easy argument. Hence, we are left to show 
that an extension k@)/k of the above type is Hilbertian, if k is Hilbertian. 
Let f E k@)(t)[s] irreducible with group G be given. For every natural 
number n there is a unique k-subextension k, (‘) of k(p) of k-degree pn, whereas 
k:i), C k:’ . Take the unique kg’ such that f E kK’(t)[s] and f not in kglI(t)[s]. 
I f  the order of G is N, then let N,, = {min(lrz) 1 pm > N!}. Then only the 
elements of kg: may cause the polynomial f to become reducible when a 
substitution t H t, E kg’ is applied, inasmuch as for every n any element of 
kF’\kFJI is of degree pn over k. Consider the tower 
k(t) C k?)(t)(b) C k$;(b, t) 
where b is a zero off, we assumef to be normal. Let a be a primitive element 
for kg$t, b)/k(t), denote F = Irr(a, k(t)), and let F split like F = FI . . . F, 
over kz)(t, b), Fi irreducible. We have kz’(t, b) = k(t, s1 ,..., s,.), where si 
are the coefficients of FI , say. We get 
b = g(t, ~1 ,...I s,) E k(t)[s, ,... , $,I, 
si = hi(t, b) E kK’(t)[b]. Now, just as in thz proof of Theorem 1, let t * t, E k 
be a substitution such that it defines a place map @ on k(t)(a) under which 
@FE k[s] is irreducible, and such that f, b and si are not mapped onto the 
symbol co. There are infinitely many of these t, . Under @ the tower 
kk’ C k(t , s1 ,..., s,) C k(t, a) 
481/9/4-3 
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is carried into the tower k:) C k(S, ,..., s,) C kg:(a), where & = @si and 
a! = @a, and where the Galois chain of groups is unchanged. Obviously, 
kg)(s) = K(s, ,..., jr). So @f is kg’-irreducible, hence also @i-irreducible, 
because of the unchanged Galois chain, and finally also k(P)-irreducible. 
COROLLARY. The composite jeld L = k(U k(p)), where the union is taken 
over any set of prime numbers p f  char(k), is Hilbertian. If k is of churacteristic 
zero, then Gal(Z/k), where 1 = k(U k(p)) and the union is being extended over 
all prime numbers, is isomorphic to 2; the $eld 1 is Hilbertian. 
Proof of Theorem 2. Let f = f (t, s) E k”(t)[s] be irreducible with Galois 
group G. Let k, be the coefficient field off over k. The group H off E k,(t)[s] 
contains G as a subgroup. Let kc be the invariant field of G inside the 
splitting field off over k,(t). Define I = k,(c), where [ is a primitive Nth root 
of unity, N = card(G). We have 2 = k,(t) with k, a finite k-subextension of ka. 
Let p > N be a prime number. Look at the compositum k(p)k, , where k(p) 
is as before. We have 
Gal(k(P)k,/k,) E Gal(k’p)1/1) z Z, 
(Proposition 6). We have a unique tower k, C k, C k, C .*- C k@‘)k, == kp) 
of successive cyclic extensions of degreep. “Parallel” to this we have a 
similar tower I, C Zr C *se C Zk(p) = l(P) with the same Galoisian structure, 
Z, = k,(t). 
Consider the maximal Abelian subextension of the splitting field of f 
over ka(t). It takes the form k”(/3, ,..., Br) where /3”i = qi E ka[t], mi = p> , 
with pi (i = l,..., Y) not necessarily distinct prime numbers, 
k”(t, /$) n ka(t, I%) = k”(t) for i# j, 
[ka(t, /?J : k”(t)] = mi . Without loss of generality we may suppose that 
pp. E Za , whereas forj = Y’ + I,..., Y  (r’ < r) the qi E k, , while forj = l,..., Y’ 
there exists no equality ka(t, &) = k”(t, y) with y”j E k”. 
We are looking for substitutions p0 : t ++ t, E k;” , such that 
(i) f (to , s) E kp)[s] is irreducible with group G, 
(ii) there exists an automorphism of kp’/k, , an extension of which, 
to an algebraic closure ii of k, maps vOqj onto $ with the property 
k~‘(&j) n kp)&) = kp) , where/Q = vOqj andpyi = gj , for all j - 1 ,..., Y’. 
Substitutions of this kind will leave f(t,, , s) E k”[s] irreducible because, 
first of all, the equality (ii) tells us that Gal(k~)(/$,Jk,) is non-Abelian for 
all v (1 ,( Y < mj) and some n 3 0, and that, hence, ,!?& $ k”. It follows now 
that the Galois group off(t, , s) E ka[s] is still G. For let S be the splitting 
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field of f(t, , s) over K, (n) . Then the inclusion Gal(SP/P) C Gal(S/@‘) can 
only be proper if S n Aa = k?‘(B), where 
However, 0, with its k?’ -conjugates, generates a non-Abelian extension over K,. 
Searching for substitutions satisfying (i) and (ii), we have to resort to 
further transcendental means. 
Write 
q.=q.(t)=lP’+b t+ z z 0 li’ 
with bti’ E R 0’ Let n, = max(.k,) 
7 E k,:\ino, ; q is of K,-degree pno . 
ki 
qi(t + xr)) = 2 bji’(t 
j=O 
. . . + b(i)p% 
ki (1 < i < I’) 
for i = I,..., Y’. Select an element 
Take a new indeterminate x, and put 
+ q) = ; c,y(t, x) q, 
j=o 
where cy’(t, X) E k,[t, x], uniquely determined. We have that cf’(t, X) f  0 
contains t in at least one of its terms, whereas cf,‘(t, X) = ct.‘(~) is actually 
independent of t. Take for every i (1 < i < Y’) ki different K,-donjugates of 7. 
We get a system of equations 
q.(t + xv) = P(t x) + *** z 0 3 + &y(x) 7jki, 
q& + x+j) = c!‘(t, x) + a.- + c?(x) jjki, ka 
and we conclude that the set {qi(t + XT),..., qi(t + ~7)) is algebraically 
equivalent to the set {cf ‘(t, X) ,...,c$(~)}overk,~ (determinant of Vandermonde). 
So we may pick two qi’s which are ho-independent, qi(t + XT) and qi(t + xj), 
say; we denote them by pi and (ii , respectively. Now, define yi and yi by 
y;“i = qi and ry = & . We have K,(yJ n Ko(yi) = K, , and 
Gal(k,(n 3 Ydlk& 9 6)) = (Z/miZ> X (Z/+0 
This group does not reduce when k, is extended algebraically. However, 
we show that it will not reduce when k,(q, , &) is extended to ka(t, x) = 
ka(qi , qi , t, X) either. For this, it is sufficient to show the equality 
[ka(t, X, ri) : ka(t, x)] = [ka(t, X, yi) : ka(t, x)] = mi . 
We define an isomorphism y  : ka(t, X) -+ ka(t, X) by putting q(c) = c if 
c E ka, p)(t) = t + XT, v(x) = t. v  is an automorphism carrying f(t, s) into 
f(t + xv, s) without affecting its irreducibility and group. Hence, the degree 
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of yi over ka(t, X) is not reduced. A similar trick works for ri . Consequently, 
the Galois group off(t + ~7, S) with respect to &(t, X) is also G. 
Finally, as in the proof of Theorem 1, find a substitution t H th E k, 
x H x0 E R, such that f(t, + x07, s) E knO[ ] s is irreducible with unchanged 
group G. This group remains unchanged if knO is extended to kp’ because p 
does not divide the order of G. Now, take t, = th + x07. Any automorphism 
of kp’/k, turning 7 into r/ apparently turns qi(to) into qi(th + x0$ = &(t,). 
We get 
pgi = q&J, /!& = -(t ) q2 O , on account of the unchanged Galois group. This 
finishes our proof. 
Remark. The fact that we specialize with respect to a tower k(p), defined 
by a primep which does not divide the order of G, is inessential (though it 
simplifies the proof). By an obvious slight change of the arguments analogous 
to the proof of Proposition 6, we establish 
PROPOSITION 7. Let k be Hilbertian, l/k a separable extension containing 
the set of all roots of unity, Gal(Z/k) z 2, x H, where H is any Abelian 
profinite group, p any prime number. If k has characteristic zero, then 1 is 
Hilbertian. 
PROPOSITION 8. Let k be as in thepreaiousproposition. Let A be an arbitrary 
profinite Abelian group satisfying theJirst axiom of countability. There is a$eld 
extension Z/k with Gal(Z/k) s A. 
Proof. A is a direct product of the form ITA, where A, are pro-p-groups, 
p running through a set of prime numbers. It is sufficient to show that an 
extension L/k with Gal(L/k) E Z/p”2 can be extended to an extension M/k 
with Gal(M/k) g Z/pn+lZ. This is already done in the proof of Proposition 6. 
5. PROOFS OF THEOREMS 3 AND 4 
For the proof of Theorems 3 and 4 we need some embedding theorems for 
finite groups. Let A and B be two groups. Then there are two different kinds 
of wreath products of A and B, viz. the so-called abstract wreath product 
A WrB, and a permutation wreath product AmwrB, which is defined for any 
permutation representation A, of A and B, of B. Here m and n denote the 
number of elements that are permuted by A, and B,, respectively. A,wrB, 
is a permutation group of mn elements. We have the following propositions 
(the proofs of which are to be found in [2] and [I]; cf. also [3], p. 81). 
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PROPOSITION 9. Let G 0 H [> I be a composition chain of finite groups 
such that the only subgroup of I normal in G is the trivial one. Then there is 
a commutative diagram of groups with exact rows 
1 - (H/I)ojH - (H/I> Wr(G/H) -G/H- I 
t t Ii 
l- H- G ----+ G/H- 1, 
the vertical arrows of which are injections. 
PROPOSITION 10. Let G D H D I be as in the previous proposition. 
Denote H/I by A and G/H by B; let card(A) = m and card(B) = n, and 
denote by A, (resp. B,) the regular representations of A (resp. B). We have 
that A,wrB, is canonically isomorphic to A WrB. Let S, denote the symmetric 
group of degree m, and let P, denote any intermediate group in between A, 
and S,. There is an isomorphic permutation representation G,, of G and 
a commutative diagram with exact rows 
1 - P,” - P,wrB, - B,, - 1 
1--+fLn- Gwm ---+B,-1, 
the vertical arrows of which are injections. 
Proof. G is a subgroup of AWrB (Proposition 9), projecting onto B. 
A WrB is canonically isomorphic to A,wrB, , inasmuch as B, is the regular 
representation of B (cf. [2]; the fact that A, is also a regular representation 
is of no import). The injectivity of A,wrB, into P,wrB, is simply a functorial 
property of wr which follows from its definition. 
Proof of Theorem 3. With the notation of the theorem and of Propo- 
sition 10, put K, = &a, ,..., u,) C h(X), where X = {Xi ,,.., X,,} is a set of 
K-indeterminates, q ,..., (T, are the elementary symmetric polynomials in X, 
and S the symmetric group on X. Take for every g E G’ s G/H a 
copy X(g) of X and denote by S, the symmetric group on X(g). Let Z(g) 
be the set of elementary symmetric polynomials in X(g). We have 
Gal(K(U X@))/k(U Z(Q))) z SG’ = 17S0 (g E G’). 
Now, let Y = {Yg j g E G’} be a set of K(X)-independent indeterminates 
upon which G’ operates by the formula (Yg)“’ = Ygg’. I f  KG,, is the field of 
all G’-invariants in K(Y), then we have that Y is a normal basis for the 
Galoisian extension K(Y)/& . Put 
Dig = ,L, 4Jdyg’)g (5) 
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where Gig (i = I,..., m) are the elements of Z(g), and where T = {t,ji 1 g’ E G’, 
i = l,..., m} is a set of k(Y)-independent indeterminates, upon which G’ 
acts trivially. G’ acts upon uiS by the formula (uiQ)Q’ = u;g’ , and we obtain 
k( T, Y) = k( u D’), T) (g E G’); moreover, the latter field has transcendental 
degree card(G) * m + card(G) over k, whereas Gal(k(T, Y)/k,,(T)) g G’. 
Define Ti = {tgi 1 g E G’}. 
In order to be in a position to apply Theorem 1 and Propositions 9 and 10, 
we establish the following facts: 
(i) k(T, (J X(Q)) = k(T, , u X(g)), 
(ii) Gal(k(T, (J X@))/k,,(T) s SW&‘, and 
(iii) ksc, = k(T, Y). 
Statement (i) is immediately clear from the fact that for every i, the elements 
of Ti can be expressed over k in the uig (g E G’) and the set Y. This follows 
from the equations (5). Y, however, is a subset of k( Tl , (J X(g)), which 
follows from the same equations. In order to show (ii), observe first that 
Gal(k( T, U X@))/k(T, Y)) g SC’, because the set Tl is algebraically irre- 
ducible over k(U X(g)) [and k(U ,V)], while we have the equalities 
k( T, Y) = k( Tl , Y, U Z(g)) = k( Tl , (J Z(g)), which follow from (5). 
Every automorphism g’ E G’ = Gal(k( T, Y)/k,t( T)) extends to a permuta- 
tion Z(g) -•t 2399’) of the systems Z(g), and hence, to a similar permutation of 
the systems X(g), so to a permutation of the elements of (J X(g). Hence, 
at once, the normality of k(T, lJ X(Q))/kG,(T), the statement (ii) [by the 
definition of SW&‘, since SC’ C Gal(k(T, (J X@))/k&T))], and (iii). 
We are now in a position to apply Theorem 1 because SwrG’ acts on a set 
of independent k-indeterminates, viz. Tl u X(g), whereas ksc, = k(T, Y) 
has a pure k-basis, namely T u Y. 
Suppose k C 1 C m is a chain of fields, 1 with Gal(Z/k) = G’ being given, 
and m being so constructed that it extends l/k with group SwrG’. The group G 
is embedded into SW&” so as to render commutative the diagram 
(Propositions 1,9 and 10) 
l---tSG’- &m-G -G’+l 
l-H- G -G’--+l. 
Let k C k, C kl C m be the chain of fields corresponding to the chain of 
groups SWYG’ 3 G 3 H 3 (1). Then I C kl , because H C G projects onto 
the identity in G’. On the other hand, any automorphism of Gal(Z/k) = G 
comes from an element in G. Hence, kl = k,Z has k,-degree equal to the 
order of G’, whence, by means of a degree argument, 1 n k,, = k. 
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Proof of Theorem 4. A profinite group is a projective limit of finite 
groups. The condition on F implies we may suppose that we have to solve 
a countable series of successive extension problems of the following kind. 
Given are: 
(i) a chain of finite groups G D H D I, where the only subgroup 
of I normal in G is the trivial one. 
(ii) G = F/U, where U is an open subgroup of F, 
(iii) there is an extension Z/k’ with Gal(Z/k’) = G/H. It is asked to find a 
chain of fields k’ C k, C k, C m, such that Gal(m/k,,) = G, Gal(k,/k,) = G/H, 
k, = k,Z, I n k, = k’. This problem can be solved by applying Theorem 3; 
one has to keep in mind that k’ is always of finite degree of k, and hence, 
Hilbertian. 
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